CIRCLES

In this unit you will investigate various aspects of the circle and related geometric figures. You
will study central angles, arc measure, and circumference. You explore the meaning of “Pi” and
it relates to circles. You will construct circles graphs and examine theorems about the properties

of circles and related geometric figures.

Parts of Circle
Arcs and Angles
Constructing a Circle Graph

Arcs and Chords



Parts of a Circle

circle — A circle is a set of points that are a given distance from a given center point all of
which lie in a plane

radius — A radius of a circle is a line segment that has its endpoints on the center of the
circle and a point on the circle.

chord — A chord of a circle is a line segment that has its endpoints on the circle.
diameter —A diameter of a circle is a chord which passes through the center of a circle.

circumference — The circumference of a circle is the distance around a circle.
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The circle above is called Circle A which is represented by ©A. Circles are generally
named by their center point.

BC and DE are chords.
Since DE passes through the center and is a chord, DE is a diameter.

AD, AE, and AF are radii.



circle (another definition) — A circle is a set of points whose distance from the center is
equal to the radius of the circle.

interior of a circle — The interior of a circle is the set of points whose distance from the
center is less than the length of the radius of the circle.

exterior of a circle — The exterior of a circle is the set of points whose distance from the
center is greater than the length of the radius of the circle.
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H on ©G

G in interior of ©G

D in interior of ©G

S in exterior of © G



In a circle, a diameter is twice as long as the radius, and
conversely, a radius is half the length of a diameter.

Let’s take a look at why the statement above can be made.

DE is a diameter. Given

DA, AE, and AF are radii. Given

DE = DA+ AE Segment Addition
d=r+r Substitution
d=2r Simplify

%d =r Division property

Therefore,d = 2r or r:%d.

Pi () is an irrational number that is used with circles. For our purposes in this course,
we will round “pi” to 3.14.

Here are the first 500 digits of “Pi”. How many digits can you memorize?

3.1415926535897932384626433832795028841971693993751058209749445923
078164062862089986280348253421170679821480865132823066470938446095
505822317253594081284811174502841027019385211055596446229489549303
819644288109756659334461284756482337867831652712019091456485669234
603486104543266482133936072602491412737245870066063155881748815209
209628292540917153643678925903600113305305488204665213841469519415
116094330572703657595919530921861173819326117931051185480744623799
62749567351885752724891227938183011949

*Note: A repeating pattern of numbers never develops in “Pi”. Pi () is an irrational
number.

Many mathematicians worldwide are fascinated with “Pi”. Scroll through the unit link to
“The Life of Pi” to review past and present explorations of “Pi”.



The circumference of a circle is equal to the diameter of the
circle times “Pi” or two times the radius of the circle times “Pi”.

C=nd or C=2xr
C=nd
C=x(2r) d=2r
C=2nr Commutative Property

Therefore, C =zd or C = 2xr.

*Note: Circumference is a measurement of length and measured in plain units.
Examples: inches, feet, centimeters, millimeters, kilometers.

Example 1: Find the circumference of a circle with a radius that measures 15.3
centimeters. Express the answer in terms of “Pi” and rounded to the nearest tenth.

C=2xr Formula for Circumference
C=27(15.3) Substitution
C=30.6x7 Simplify all numbers except "Pi".

The circumference is 30.6z centimeters.



Example 2: Find the approximate diameter and radius of a circle with a
circumference of 3256 inches. Round the answer to the nearest whole number.

C=2xnr Formula for Circumference
L: r Division
2
3250 =r Substitution (C =3256, 7 ~3.14)
2(3.14)
r ~518 Simplify
d=2r Definition of Diameter
d =2(518) Substitution
d ~1036 Simplify

The diameter of the circle is approximately 1036 centimeters.
The radius of the circle is approximately 518 centimeters.

Example 3: Read the following scenario, and then answer the questions below:
Eleanor’s teacher gave her a trundle wheel to use for measuring the distance
across the field used for physical education class. The radius of the trundle wheel
was 15.93 centimeters. Eleanor began by setting the trundle wheel right after it
clicked. Eleanor then rolled the wheel across the field along a line that was
perpendicular to the length of the field. The trundle wheel clicked 15 times.

(a) What distance is covered in one complete revolution of the wheel (1
click)? Round the answer to nearest whole number.



If we relate the distance covered to one complete revolution of the wheel,
we realize that this distance is just simply the circumference of the wheel.

C=2xnr Formula for circumference
C =2(3.14)(15.93)  Substitution
C ~100 Simplify

The distance covered by one complete revolution (circumference) of the
trundle wheel is about 100 centimeters.

(b) How many meters wide is the field?

Since the trundle wheel clicked 15 times for Eleanor, this means that the
wheel made 15 complete revolutions.

1 revolution = 100 cm -determined in the question a.

15 revolutions = 15(100) =1500 cm

HOWEVER, the question asks “How many METERS wide is the field?”
So, we must consider that 1 meter = 100 centimeters.

We can write a proportion to solve the problem.

Im X
100 cm 1500 cm

100x =1500
x=15

The field is approximately 15 meters wide.



Arcs and Angles

central angle — A central angle is an angle whose vertex

is at the center of a circle and its rays are radii.

minor arc — Given central angle MLN in
circle L with points M and N on the circle,
then points M and N and all points that are on
the circle and within the interior of angle

MLN form minor arc MN, written as m.
Minor arcs are denoted with two letters.

major arc — Given central angle MLN, in
circle L with points M and N on the circle,
then points M and N and all points that are on
the circle and in the exterior of angle MLN

form major arc MPN, written as MPN. Major
arcs are denoted with three letters.

To Summarize:

Circle L - oL
Central Angle - ZMLN
Minor Arc - MN
Major Arc - MPN

L

ZJKL is a central angle in © K.

Major Arc

Minor Arc



semicircle — A semicircle is either half-circle formed by
the endpoints of a diameter intersecting a circle.

To summarize:
Circle S

Diameter

Semicircle

VLl

Semicircle

The sum of the central angles in a circle is 360°.
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Semicircle

T

Semicircle

Let’s examine ©®N and make some statements based on the given information.

Circle N

Diameter

Supplementary Angles
Supplementary Angles

ZLNM + ZMNJ =180°

ZINK + ZKNJ =180°

ZLNM + ZMNJ + ZINK + ZKNJ =360° — Addition Property

ON

L

- ZLNM, ZMNJ
- ZLNK, ZKNJ
Definition of
Supplementary Angles
Definition of

Supplementary Angles



Major Arc

Definition of Arc Measure

360-m°

The measure of a minor arc is the same as the
measure of its central angle.

The measure of a major arc is the 360° minus the
measure of its central angle.

The measure of a semicircle is 180°.

To summarize: Semicircle

180°
measure of minor arc

measure of its central angle

measure of major arc = 360°— measure of its central angle Q

180°
U ® Semicircle

measure of a semicircle = 180°

adjacent arcs — Adjacent arcs are arcs that share a common endpoint on a circle.

When an arc is formed by two adjacent arcs, the
Postulate 22—A measure of the arc is the sum of the measures of
the two adjacent arcs.

The figure below illustrates Postulate 22-A

T
S
U
Circle N - ON
Adjacent Angles - ZSVT and £TVU

mST +mTU =mSTU — Postulate 22-A



arc length — Arc length is the length of an arc.

concentric circles — Concentric circles are circles that lie in the
same plane and share the same center.

Refer to the diagram and information given below to solve the next five problems.

U
Given:
OR
URLTV T - v
mZTRS = 25° S
Example 1: Find mTS .
mTS = mZTRS Definition of Arc Measure
mZ/TRS = 25° Given
mTS = 25° Substitution
Example 2: Find mTU .
URLTV Given
m/TRU is aright angle. Definition of Perpendicular Lines
mZTRU =90° Definition of a Right Angle
mTU =90° Definition of Arc Measure (Minor Arc)
Example 3: Find mSU .
mSU =mST +mTU Arc Addition Postulate
mSU = 25°+90° Substitution

mSU =115° Simplify



Example 4: Find mSVU .

mSVU =360-mSU Definition of Arc Measure (Major Arc)
mSVU = 360°-115° Substitution
mSVU = 245° Simplify

Example 5: Find mTSV

Diameter TV Given
TSV is a semicircle. Definition of Semicircle
mTSV =180° Definition of Arc Measure (Semicircle)

Example 6: In ©P shown below, the radius equals 12 inches and mZRPS =60° .
What is the length of RS ?

Q

a) Determine what fractional part of the circle (360°) central angle RPS(60°)
represents.

60 1

360 6



b) The length of RS :% of the circumference of © P.
— 1
Length of RS = EC

Length of RS = %(2;”) Substitution (C =2 7 r)

C= %(2)7:(12) Substitution (r =12)
C=4r Simplify
C=1256 Simplify

The arc length of RS in ©P is 12.56 centimeters.



Constructing a Circle Graph

In a survey Madison determined her classmates’ favorite colors based on the following
choices: blue, green, yellow, red. She decided to display the results in a circle graph.

First she made a tally chart to record the responses.

She then made another chart to organize her calculations for drawing the graph.

Madison made fractions based on 20 (total responses) and changed them to percent. She
then multiplied the percent by 360 since there are 360° in a circle to determine the
central angle to represent each color.

Tally of Favorite Color Favorite Color
Blue | PNJ ||| | 8 Blue | 8)5=40% 40% x 360 = 144°
Green | PN 5 Green | %5y=25% 25% x 360 = 90°
Yellow | | 1 Yellow | %= 5% 596 x 360 = 18°
Red | NN | 6 Red | $5q=30% 30% x 360 = 108°
________ Check | 295 =100% 360°

Now Madison is ready to draw the circle graph.

_____

_________________________________________________________

To check the calculations, Madison added the results. The

fractions total 20/20, the percents total 100%, and the degrees
total 360° which makes 1 whole circle.

Step 1: Draw a circle with one radius. Place a protractor on the radius, using the
center of the circle as the vertex, and draw the first angle (144° - blue).




Step 2: Move the protractor to rest on the ray just drawn and proceed to make the
second angle (90° -green).

Step 3: Then move the protractor to rest on the ray she drew and proceed to make the
third angle ( ).

Step 4: Madison will not have to draw the last angle, but will measure it. It should
measure 108° (red).




Now the circle has been divided proportionally to the percent for each category.
Complete the graph by adding color, category labels, and a title.

Favorite Color

Red

Blue

Yellow

Green



Arcs and Chords

In this section of the unit, we will examine three theorems about circles.

In a circle or in congruent circles, two minor arcs
are congruent, if and only if, their corresponding
chords are congruent.

Theorem 22-A

P
Given: oTr
,Q-F\) = /Rg Q ol
Prove: QP = RS

Draw radii TP and TQ so that they intersect
with the endpoints of chord QP.

Draw radii TR and TS so that they intersect
with the endpoints of chord RS.

Statement : Reason

Q?’ ~RS Given

TP=TQ=TR=TS Radii of the same circle are congruent.
mQTD =mZQTP Definition of Arc Measure

MRS = m/RTS Definition of Arc Measure

m/QTP = m/RTS i Substitution

AQTP =aRTS SAS

~QP=RS CPCTC



Theorem 22-B

Given: oG
Diameter FH
Chord JL
FH 1 JL

Prove: JK = KL

Draw radii GJ and GL.

Statement

FH LJL

ZFKL is right angle.
ZFKJ is right angle.
GJ=GL

~JKG is aright triangle.
aLKG is aright triangle.
GK =GK

aJKG zaLKG

- JK = KL

In acircle, if a diameter is perpendicular to a
chord, then it bisects the chord and its arc.

Reason

Given

Definition of Perpendicular Lines
Definition of Perpendicular Lines
Radii of the same circle are congruent.
Definition of a Right Triangle
Definition of a Right Triangle
Reflexive Property

Hy-Leg Postulate

CPCTC



In a circle or in congruent circles, two chords are
congruent, if and only if, they are equidistant
from the center.

Theorem 22-C

Example: Find the length of AB if GD measures 8 centimeters and EF and FG
each measure 6 centimeters.

C

Step 1: Chords AB and CD are equidistant from the center since segments EF
and FG are perpendicular to chords AB and CD, respectively, and each
measure 6 cm.

..Chords AB and CD are congruent. (Theorem 22-C)

Step 2: Segments EF and GF pass through the center; thus, they lie on
diameters. They also are given as perpendicular to chords AB and CD,
respectively.

.. Segments EF and GF bisect chords AB and CD. (Theorem 22-B)

Step 3: Since segment DG measures 8 centimeters, segment CG measures 8
centimeters.

. Segment CD equals 8x2 =16 centimeters.

Step 4: Since segment AB is congruent to segment CD (from Step 1), AB and
CD are equal.

.. AB =16 centimeters



